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Abstract In this paper, we will compute the dimension of the space of
spun and ordinary normal surfaces in an ideal triangulation of the interior
of a compact 3–manifold with incompressible tori or Klein bottle compo-
nents. Spun normal surfaces have been described in unpublished work of
Thurston. We also define a boundary map from spun normal surface theory
to the homology classes of boundary loops of the 3–manifold and prove the
boundary map has image of finite index. Spun normal surfaces give a natu-
ral way of representing properly embedded and immersed essential surfaces
in a 3–manifold with tori and Klein bottle boundary [10], [11]. It has been
conjectured that every slope in a simple knot complement can be repre-
sented by an immersed essential surface [1], [2]. We finish by studying the
boundary map for the figure-8 knot space and for the Gieseking manifold,
using their natural simplest ideal triangulations. Some potential applica-
tions of the boundary map to the study of boundary slopes of immersed
essential surfaces are discussed.
AMS Classification 57M25; 57N10
Keywords Normal surfaces, 3–manifolds, ideal triangulations
This paper is dedicated to Andrew Casson with thanks for his many won-
derful mathematical ideas
1 Introduction
In a series of papers, starting with this one, we will investigate ideal triangula-
tions of the interiors of compact 3-manifolds with incompressible tori or Klein
bottle boundaries. Such triangulations have been used with great effect, fol-
lowing the pioneering work of Thurston [17]. Ideal triangulations are the basis
of the computer program SNAPPEA of Weeks [4] and the program SNAP of
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Coulson, Goodman, Hodgson and Neumann [5]. Casson has also written a pro-
gram to find hyperbolic structures on such 3-manifolds, by solving Thurston’s
hyperbolic gluing equations for ideal triangulations.
In the second paper, we will study the problem of deforming a taut triangulation
[15] to an angle structure. We show that given a taut ideal triangulation of the
interior of a compact 3-manifold with tori or Klein bottle boundary components,
which is irreducible, P2 -irreducible and atoroidal with no 2-sided Klein bottles
or Mobius bands, there are angle structures if and only if a certain combinatorial
obstruction vanishes. This work is inspired by ideas of Casson. In the third
paper, various connections between structures on ideal triangulations will be
examined in the case of small numbers of tetrahedra. In the fourth paper,
a theory of immersed normal and spun normal surfaces in ideal triangulations
with angle structures will be studied. In the fifth paper, we show that immersed
essential surfaces can be homotoped to be spun normal, in case the surfaces
do not lift to fibres of bundles in finite sheeted covers. Examples are given of
different triangulations of bundles, where such fibres can and cannot be realised
by spun normal surfaces. Moreover, a very fast algorithm to decide if a given
embedded normal surface is incompressible is given, using these ideas.
In this paper, for simplicity, all 3-manifolds M will be the interior of a compact
manifold N with tori or Klein bottle boundary components. We will work in
the smooth category. All 3-manifolds will be irreducible and P2 -irreducible, i.e
every embedded 2-sphere bounds a 3-ball and there are no embedded 2-sided
projective planes. For basic 3-manifold theory, see either [7] or [8].
An ideal triangulation Γ of M will be a cell complex which is a decomposition
of M into tetrahedra ∆1,∆2, ...,∆k glued along their faces and edges, so that
the vertices of the tetrahedra are all removed. Moreover the link of each such
missing vertex will be a Klein bottle or torus. Note that several vertices, edges
or faces of a tetrahedron may be identified. (Sometimes such triangulations
are called pseudo-triangulations.) Using Moise’s construction of triangulations
of 3–manifolds [16], one can convert a triangulation of N into such an ideal
triangulation, by collapsing the boundary surfaces to ideal vertices and also
collapsing edges which join the ideal vertices to the interior vertices. See [9] for
a discussion of such collapsing procedures. One has to be careful to ensure that
at each stage of such collapsings the topological type of M is not changed.
Alternatively one can collapse M onto a 2–dimensional spine S and then choose
a dual triangulation. Assume that M has at least two boundary components. A
convenient way to do this is to choose a Heegaard splitting, ie a decomposition
of N into compression bodies X,Y so that these are glued along a Heegaard
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surface S . X,Y are obtained from S × I by gluing 2–handles to S × {1} (S
can be non-orientable or orientable). We can arrange that S has boundary
components of N on either side of it. Then the common boundary surface S
of the compression bodies is obtained by gluing the two copies of S×{0}. Now
if a collection of core disks for the 2–handles for X,Y is attached to S , we get
the required spine S for M and N . It is straightforward to check that the dual
cell structure to this spine is an ideal triangulation for M . If M has only one
boundary component, then the same procedure will construct a triangulation
of M with one ideal vertex and one vertex in the interior of M . We then
(carefully) collapse an edge joining these two vertices as in [9] to get an ideal
triangulation.
We now summarize Haken’s theory of normal surfaces [6], as extended by
Thurston to deal with spun normal surfaces in ideal triangulations. Given an
abstract tetrahedron ∆ with vertices ABCD , there are four normal triangular
disk types, cutting off small neighborhoods of each of the four vertices. There
are also three normal quadrilateral disk types, which separate pairs of opposite
edges, such as AB,CD . Each tetrahedron ∆i of Γ contributes 7 coordinates
which are the numbers nj of each of the normal disk types. We can form a
vector of length 7k from all of these coordinates nj , 1 ≤ j ≤ 7k and a normal
surface S is formed by gluing finitely many normal disk types together. There
are 6k compatibility equations, each of the form ni +nj = nm+np , where the
left side of the equation gives the number of normal triangles and quadrilaterals
with a particular normal arc type in the boundary, eg the arc running between
edges AB,AC in ∆. If the face ABC is glued to A′B′C ′ of the tetrahedron
∆′ , then nm, np are the number of normal triangles and quadrilaterals with the
boundary normal arc type running between A′B′, A′C ′ in ∆′ . Note that we
allow self-identifications of tetrahedra and hence also of normal disk types.
It turns out that the solution space V of these compatibility equations in R7k
has dimension 2k , ie there are k redundant compatibility equations. The
non-negative integer solutions in V then give normal surfaces (possibly non-
uniquely) and we can regard 2k as the dimension of the space of these surfaces.
We will give a proof of this in the next section, as it is important in computing
the dimension of the space W of spun and ordinary normal surfaces. In fact,
if c is the number of tori and Klein bottle boundary components of N , then
we will show that the dimension of W is 2k+ c. Note that a normal surface is
always closed, but may be immersed or have branch points.
Before giving a definition of spun normal surfaces, we make some preliminary
remarks about ideal vertex linking surfaces. For simplicity, in this paper we
are only dealing with the case of manifolds with either boundary tori or Klein
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bottles or both. However much of what is done can be carried over to the case
of higher-genus boundary surfaces and we will return to this topic in a later
paper.
If M is the interior of a compact manifold with boundary tori and Klein bottles,
with an ideal triangulation Γ, then we will denote by T an ideal vertex linking
torus or the orientable double cover of an ideal vertex linking Klein bottle.
For a given homology class of a simple closed curve on T , we will choose a
representative closed curve CT with minimal length in the 1–skeleton of T ,
which is viewed as a normal surface constructed from triangular disk types in
Γ. There is a uniquely defined infinite cyclic covering space of T corresponding
to the subgroup of pi1(T ) generated by the homotopy class of CT . Let C˜ denote
a lift of CT to this covering space. Although CT may not be simple, since it
has been chosen to have minimal length, it is easy to see that C˜ is a simple
closed curve. So we find two half-open infinite annuli bounded by C˜ , which
are each covered by lifted triangular disk types from T . Let A+, A− denote
the images of these annuli, viewed as half-open infinite spiralling annuli in M .
Note these annuli have boundary the curve CT . For convenience, we label the
tori boundary components and the orientable double covers of the Klein bottle
boundary components of M by Tj , for 1 ≤ j ≤ c, and choices of simple closed
curves in Tj , for j fixed, by C
i
Tj , where 1 ≤ i ≤ mj .
Our definition of spun normal surfaces follows the spirit of Thurston, emphasiz-
ing the geometric picture in the 3–manifold M . However for calculations and
applications, it turns out to be more convenient to use Q–theory as discussed
below.
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Figure 1: Spun normal surface
Definition 1.1 Suppose that M is the interior of a compact manifold with
tori or Klein bottle boundary components and Γ is an ideal triangulation of
M . A spun normal surface S has infinitely many normal disk types, of which
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finitely many are quadrilaterals and infinitely many are triangular. Moreover
S has a finite collection of boundary slopes, which are choices of closed curves
CiTj as above, in the 1–skeleton of each boundary torus component Tj of M , or
in the orientable double cover Tj of any Klein bottle component. We can glue
together all except a finite number of the triangular disk types in S to form a
finite collection of half open spiralling annuli Aij+ or A
ij
− as described above.
Then the remaining finitely many quadrilateral and triangular disk types satisfy
the compatibility equations, together with this finite collection of annuli which
are viewed as having boundary curves given by the normal arc types of the
curves CiTj .
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Figure 2: Extra or cancelling infinite half open annuli
Notice that we can have ‘extra’ or cancelling infinite half-open annuli at the
same boundary component of M , since if a spun normal surface S has copies
of both A+ and A− for a given boundary slope, then we can find a new spun
normal surface or possibly just a normal surface S′ , by removing (or cancelling)
these two annuli from S . Moreover S might be embedded, immersed or have
branch points. In the fifth paper of our sequence, it will be natural to consider
also higher genus boundary surfaces for M . In that case, we must consider
generally immersed spiralling annuli A+, A− , as occur in the case of Klein
bottle boundary components. These arise naturally, by projecting embedded
annuli in a suitable covering space of a boundary surface S , to M .
It will be very convenient to extend our ideas of normal and spun normal sur-
faces, to allow negative numbers of triangular and quadrilateral disk types. For
normal surfaces, this is easy; we just take all integer solutions of the compat-
ibility equations and call these formal normal surfaces, to allow coordinates
(multiples of the disk types) to be any integers, not just non-negative ones. For
spun normal surfaces we can play the same game by allowing the half open
annuli to occur with negative multiplicity as well as the disk types and have
formal solutions of the compatibility equations as well. We will refer to these
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as formal spun normal surfaces.
Now to form a vector space W of formal spun and ordinary normal surfaces S ,
we will consider only the quadrilateral coordinates of each S . So W will be a
subspace of R3k . This idea has been studied previously in [19], in case of ordi-
nary normal surface theory in standard triangulations and is called Q–normal
surface theory. For spun normal surfaces, Q–theory has been investigated in
[10],[11]. There are k compatibility equations for the quadrilaterals and we
discuss this in detail later on. In an ideal triangulation, the solutions to these
equations are naturally either normal or spun normal surfaces. The only sur-
faces which are not ‘seen’ by this theory, are multiples of the boundary Klein
bottles and tori, formed entirely of triangular disk types. If we added these
in also, the theory would have dimension 2k + 2c. However these boundary
surfaces play no important role, so it is reasonable to leave them out of con-
sideration. Spun normal surface theory has been used in an interesting way by
Stefan Tillmann [18], to study essential splitting surfaces arising from represen-
tation varieties in Culler–Shalen theory.
In our fifth paper, we will prove an extension of an unpublished result of
Thurston, namely that any immersed essential surface is homotopic to a spun
normal surface, unless the surface lifts to a fibre of a bundle structure in some
finite sheeted covering space. Consequently, if a certain boundary slope is not
in the image of the boundary map (as in the examples in section 5 below) then
either there are no immersed essential surfaces with such a boundary slope (in
the homological sense of our boundary map), or any such a surface must be a
virtual fibre.
Note that for the examples of the figure–8 knot complement and the Gieseking
manifold in this paper, we are not able to get any interesting information on the
boundary slopes of their immersed incompressible surfaces. These two examples
are instances of layered triangulations of bundles, and the latter give special
problems for the question of homotoping immersed incompressible surfaces to
be spun normal. Full details are in the fifth paper.
2 The canonical basis for normal surface theory
In this section, we will construct a very useful ‘canonical basis’ for the solution
space V of the compatibility equations for formal normal surface theory. This
is independent of the details of the triangulation and the 3–manifold and was
inspired by ideas of Casson, although he never stated a result like this. The
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theorem plays a key role in the second paper in our sequence, where we study the
problem of deforming taut structures on ideal triangulations to angle structures.
Theorem 2.1 Let M be a 3–manifold with a triangulation Γ which is either
ideal or not, depending on whether M is the interior of a compact manifold
N with tori and Klein bottle boundary components, or M is closed. Assume
there are k tetrahedra and e edges in Γ. Then V has a basis consisting of k
formal ‘tetrahedral’ surfaces and e formal ‘edge’ surfaces.
Proof The idea is to study e linear functionals φ1, φ2, ..., φe from R
7k to R,
one for each edge E1, E2, ..., Ee of Γ. Each of these functionals restricts to V
and we obtain e linearly-independent functionals, which will be denoted by the
same symbols. It then follows that V splits as a direct sum A ⊕ B , where A
is the common kernel of all the linear functionals and B is a ‘natural’ cokernel.
We will then find bases of A,B separately and these will form our canonical
basis.
For an edge Ei , let di denote its degree, ie the number of copies of edges of
tetrahedra which are glued together to form Ei . For every normal triangle
or quadrilateral with n vertices on Ei , we map this normal disk type to
n
di
.
Extending by linearity gives a linear functional φi from R
7k to R. To show
these linear functionals restricted to V are linearly independent, we construct a
collection of vectors β1, β2, ..., βe in V , so that φi(βj) = −2δij , where as usual
δij = 0 if i 6= j and δii = 1. This will also show that β1, β2, ..., βe is a basis for
B as required. We call these vectors ‘edge’ solutions.
Consider the collection of triangular disk types which have at least one vertex
on an edge Ei . We take −n copies of each such a triangular disk, where the
disk has precisely n vertices on Ei , for 1 ≤ n ≤ 3. Similarly consider the set
of tetrahedra which contain at least one edge which becomes Ei after the faces
and edges are glued together. Suppose ABCD represents such a tetrahedron
before gluing and AB is an edge which becomes Ei . Then one copy of the
quadrilateral separating AB from CD is selected. Notice that if the edge CD
also becomes Ei , then we must choose two copies of this quadrilateral. Do this
for the di edges of tetrahedra which are glued together to form Ei . Then βi is
defined as this collection of negative triangular disks and positive quadrilateral
disks.
We need to check that βi is indeed in V , ie is a solution of the compatibility
equations. This is straightforward – consider a face ABC of a tetrahedron
ABCD , where AB is identified with Ei . For the normal arc type running
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between AC and AD , there is a triangular disk (cutting off A) and a quadri-
lateral disk (separating AB and CD) which are ‘glued’ along this arc. Notice
the triangular disk is taken with sign −1 whereas the quadrilateral is taken with
a positive sign. Hence the boundary arc types cancel out as required by the
compatibility equations. Assume next that the tetrahedron A′B′C ′D′ is glued
to ABCD by identifying ABC with A′B′C ′ . For the normal arc type running
between AB and AC , the triangular disk type cutting off A′ is glued to the
triangular disk cutting off A, along this arc. Since both disks have sign −1,
the boundary arcs cancel. Finally, a similar argument applies for the normal
arc type running between AC and BC by gluing two quadrilateral disk types,
separating AB and CD (respectively A′B′ and C ′D′ ) in the two tetrahedra.
One can check that self-identification of tetrahedra does not affect this cancel-
lation and so βi is a ‘formal’ normal surface, ie a solution of the compatibility
equations. If there are no tetrahedra with two or more edges identified to Ei ,
the surface βi can be visualized as a cylindrical box with negative top and
bottom and positive sides.
Next we observe that φi(βj) = −2δij . It is clear that φi(βi) = −2. If there
are no tetrahedra with two or more edges identified to Ei , then the functional
φi takes values −1 at the top and bottom ends of the box and 0 at all other
vertices. So the total value of φi(βi) is −2 as claimed. Again one can check
that self-identifications do not affect this calculation. It remains to show that
φj(βi) = 0 if i 6= j . (We have interchanged i, j to use our previous description
of the solution βi ). With notation as in the previous paragraph, assume that
the edge Ej is AC . Now there are two triangular disks with signs −1 and two
quadrilateral disks with signs +1 coming from βi , at this edge, so their contri-
butions to φj(βi) cancel out. Self-identifications will not alter this phenomenon
and so we have proved both that the surfaces β1, β2, ..., βe are linearly indepen-
dent and also that they form a basis for a cokernel B for the linear functionals
φ1, φ2, ..., φe on V .
To complete the proof of this theorem, we need to construct a basis α1, α2, ..., αt
for the kernel A of the linear functionals. Again let ABCD denote the ith
tetrahedron. Then αi will be each of the 4 triangular disk types cutting off
a vertex taken with sign −1 and each of the 3 quadrilateral disk types with
sign +1 in this tetrahedron. We must check that αi is in V , ie solves the
compatibility equations. This is very similar to the previous argument - for a
normal arc type between edges AB and AC , the triangular disk cutting off A
has sign −1 and the quadrilateral disk separating AB and CD has sign +1,
so the two boundary arcs coming from these disks cancel as required.
It is equally easy to see that all the surfaces α1, α2, ..., αt are in the common
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kernel A of the linear functionals and that they are linearly independent, since
they have no non-zero coordinates in common. The final step is to prove that
these surfaces span A. So we need to consider any vector S which is in A and
show it is a linear combination of α1, α2, ..., αt . Notice that the ‘intersection
number’ of S with every edge is zero, since S is in A. If as usual, ABCD is
the ith tetrahedron of Γ, then the compatibility equations into a neighboring
tetrahedron A′B′C ′D′ , where the face ABC is glued to A′B′C ′ , show that the
total number N (which can be positive or negative) of triangle and quadrilateral
disks in ABCD which meet AB is the same as the total number of triangle
and quadrilateral disks in A′B′C ′D′ which meet A′B′ . Following the tetrahedra
around the edge Ei , which is AB and A
′B′ after identifications, we see this
number N is independent of the tetrahedron containing an edge identified to
Ei . Since the value of the functional φi is exactly Ndi , where di is the degree
of Ei , it follows that N = 0, since S is in A. It is an easy exercise to check
that the only sets of numbers of triangles and quadrilaterals in ABCD which
satisfy this condition for each of the 6 edges of the tetrahedron, are multiples
of αi . Hence this proves that α1, α2, ..., αt span A and the construction of the
canonical basis is complete.
Remarks For ideal triangulations, where the 3–manifold M is the interior
of a compact 3–manifold with tori and Klein bottle boundaries, a simple Eu-
ler characteristic argument, using Poincare´ duality, shows that k = e, ie the
number of tetrahedra is equal to the number of edges. This is the case of most
interest to us. Another important case is a triangulation of a closed 3–manifold
with a single vertex [9]. Again a simple Euler characteristic argument shows
then that e = k + 1. So we conclude that the dimension of V is either 2k or
2k + 1 respectively in these two standard cases.
3 Dimension of spun and ordinary normal surface
theory
In this section, we will give a lower bound on the dimension of formal spun nor-
mal surface theory, working with an ideal triangulation of M . We begin with a
quick summary of Q–normal surface theory ([19], [10], [11]). Let m1,m2, ...,m3k
denote the number of quadrilateral normal disk types in an ordinary or spun
normal surface. It is not hard to show that once the quadrilateral disks are
specified, a formal normal or spun normal surface can be reconstituted, up to
multiples of the boundary Klein bottles and tori. The key fact we need is that
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the quadrilaterals satisfy k = e compatibility equations, one for each edge of
Γ. These equations are readily found by eliminating the triangular coordinates
from the ordinary compatibility equations in the previous section. Before in-
troducing these equations, we note an important way of labelling the corners
of the quadrilateral disk types, assuming that M is orientable.
Let ABCD and A′B′C ′D′ be tetrahedra which are glued along the faces ABC
and A′B′C ′ . Let AB and A′B′ be identified with the ith edge Ei of Γ. For
the quadrilateral separating AC and BD , we will associate corner signs, + to
the corners on AB,CD and − to corners on AD,BC (see Figure 3). Similarly
for the quadrilateral separating AD and BC , + is given to the corners on
AC,BD and − to corners on AB,CD . In the adjacent tetrahedron A′B′C ′D′ ,
the signs are reversed. So for the quadrilateral separating A′C ′ and B′D′ (re-
spectively A′D′ and B′C ′), we will associate corner signs, − to the corners
on A′B′, C ′D′ (respectively A′C ′, B′D′ ) and + to corners on A′D′, B′C ′ (re-
spectively A′C ′, B′D′ ) (see Figure 3). To show that this assignment of signs is
consistent for all quadrilaterals simultaneously, we note that it is equivalent to
introducing an orientation on each tetrahedron. For example, a right handed
rule on the tetrahedron ABCD can be viewed as having orientations from A
to B on the edge AB and then circulating from the face ABD to the face
ABC so that the normal arc running between AB and AD cutting off A is
transformed into the normal arc running between AB and BC cutting off B
in the quadrilateral separating AC and BD (see Figure 3).
A
B
C
D
A′
B′
C′
D′
EiEi
+
+
+
+−
−
−
−
Figure 3: Labelling the corners of quadrilateral disk types
We associate this with the positive sign in the corner of the quadrilateral at the
corner on AB . It is easy to see that if the orientation of AB is reversed, we still
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have a positive sign at this corner coming from the right hand rule. By translat-
ing a right handed system throughout M , we see that the consistency of signs
is guaranteed. Now for an orientable manifold, we can define a quadrilateral
compatibility equation by taking the sum of all quadrilateral types meeting a
fixed edge Ei with sign given by the corner of each quadrilateral at Ei . So half
the quadrilaterals have sign + and half have sign −.
On the other hand if M is non-orientable, then choosing an orientation re-
versing loop passing through centers of tetrahedra and faces, following around
the quadrilaterals in these tetrahedra will give an inconsistency in this choice
of corner signs. However we can still give a sign to corners of quadrilaterals
around each fixed edge Ei , but cannot do this consistently for all edges and
corners simultaneously. We do obtain a similar compatibility equation in the
non-orientable case, since it does not matter how the quadrilateral corner signs
vary from one edge to the other.
We are now ready to give the main result of this section.
Theorem 3.1 Let M be the interior of a compact manifold with boundary
components which are tori or Klein bottles. Let Γ denote an ideal triangulation
of M and let W be the vector subspace of formal normal and spun normal
surfaces. Then the dimension of W is at least 2k + c, where k is the number
of edges in Γ and c is the number of boundary components.
Proof We first show that there is at least one redundancy in the set of Q–
matching equations, if M is orientable. For adding all the equations, each
quadrilateral appears in at most 4 equations with a total of exactly two + signs
and two − signs. Consequently the entries corresponding to this quadrilateral
will cancel, ie the sum of all Q–matching equations is zero. This proves that
we need at most k − 1 matching equations and the dimension of W is at least
2k + 1.
The next step is to analyze the case when there is more than one boundary
torus, supposing that M is orientable. So there are several ideal vertices,
V1, V2, ..., Vc . Now label any tetrahedron ABCD by specifying which ideal
vertices are identified with A,B,C,D . Let us consider first the case that there
are only two ideal vertices V1, V2 (see Figure 4). There are 5 cases, depending on
how many of the vertices A,B,C,D are labelled V1 . We prove that adding all
the matching equations corresponding to edges with both ends labelled V1 gives
the same result as adding over all edges with both vertices at V2 . So there is a
second redundancy in the matching equations and the dimension of W is at least
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∑
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Figure 4: The cases of two ideal vertices
2k + 2. Note that if the number n 6= 2 of vertices in some tetrahedron which
are labelled V1 , then adding the appearances of a quadrilateral type in this
tetrahedron over all matching equations corresponding to edges with both ends
at V1 will give zero. This is because the signs at the corners of the quadrilateral
at such edges always cancel. For the final case of two vertices labelled V1 and
two labelled V2 , we see that the number of appearances of a quadrilateral type
in the two sums of matching equations is the same. Consequently this case is
complete.
Generally, if there are ideal vertices, V1, V2, ..., Vc , then we find (by the same
argument) that the sum of the matching equations at edges labelled V1V1 is
equal to the sum of the matching equations at all edges labelled ViVj for i, j > 1
and similarly for V2V2, ..., VcVc . Note that by connectivity of the one-skeleton
of Γ, we have paths of edges between any two ideal vertices. This is easily seen
to imply that there are at least c− 1 such redundant matching equations and
one redundancy that the sum of all Q–matching equations is zero. Hence the
dimension of W is at least 2k + c. In fact, one can consider a collection of
variables labelled xij , one for each equation which is a sum of the compatibility
or matching equations at all edges labelled ViVj . Then our relations found
above can be written as xmm = Σ{xij : i, j 6= m} for m = 1, 2, . . . , c − 1 and
Σxij = 0. Now it is easy to put this system of linear equations into row-echelon
form and check that the rank is indeed c, proving that there are at least c
redundant compatibility equations.
Assume next that M is non-orientable. Let M˜ denote the orientable double
cover of M with Γ˜ the lifted triangulation. There are pairs of edges inter-
changed by the covering involution σ . We are interested in vectors of quadri-
laterals which are invariant under the induced action of σ , since any lifted
normal or spun normal surface will lift to such a vector. So we introduce 3k
new independent variables, by forming a copy of R3k embedded in R6k , given by
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α→ (α, σ(α)) for a vector α in R3k . Our matching equations can be thought
of as being located around two edges E, σ(E) simultaneously. This is achieved
by using the new variables, which are integer multiples of pairs of quadrilateral
disks (D,σ(D)). As σ reverses orientation, it must reverse our choice of signs
of corners of quadrilateral disks in M˜ . Hence corresponding quadrilateral co-
ordinates in M˜ under the induced action of σ are negatives of each other, ie
n(D,σ(D)) corresponds to the pair of coordinates (n,−n) in M˜ .
The conclusion is that we do get a similar theory to the orientable case, starting
with k matching equations and finding c redundancies, proving the dimension
estimate is also valid in the non-orientable case. Note that c is the number of
Klein bottle and tori boundary components of M , since each Klein bottle lifts to
a torus which is invariant under σ and a torus lifts to a pair of tori interchanged
by σ . So since invariant boundary components or pairs of switched components
give rise to redundancies, this is the correct definition of c.
To illustrate this, consider the simple case that M has a single boundary com-
ponent which is a Klein bottle or torus. This lifts to a σ–invariant torus or a
pair of tori interchanged by σ in M˜ . We can label the ideal vertex or vertices
by this torus or tori. The single relation amongst our new pairs of quadrilat-
eral coordinates becomes just that the sum of all the matching equations is
zero. If there were more boundary components, then an analogous argument
to the previous one shows that there is at least one redundancy amongst the
matching equations of the pairs of quadrilateral coordinates for each boundary
component of M .
Next, if there are two boundary components of M , then we get two classes of
ideal vertices of M˜ . Each class is either a single vertex which is fixed under the
action of σ or a pair of vertices interchanged by σ . As previously, it is easy to
check with our new coordinates, that the sum of all the matching equations for
edges with both ends in one vertex class gives the same result as the sum over
all edges with both ends in the other class. The general case follows the same
pattern as before.
4 The boundary map for spun normal surface theory
To complete the computation of the dimension of W , we need to prove it is also
bounded above by 2k+ c. To do this, we will define a boundary map ∂ : W →
R
2c , where the range of ∂ is the direct sum of all the homology groups H1(Ti,R),
where the Ti are the tori boundary components or the orientable double covers
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of the Klein bottle boundary components of M , for 1 ≤ i ≤ c. A key property
of ∂ is that its kernel A is precisely the quadrilateral vectors corresponding to
all formal normal surfaces in W . Hence we can compute readily the dimension
of A as 2k−c, since the natural projection V → W , which erases the triangular
coordinates of a normal class, has kernel generated by the boundary tori and
Klein bottles, so has dimension c. Since the dimension of V is 2k , we will see
that the subspace A of standard normal classes in W has dimension 2k − c.
Consequently, the dimension of W is at most 2k − c + 2c = 2k + c and the
computation of dimension will be complete. Moreover we obtain the important
result that ∂ has image of dimension 2c, so maps onto a subgroup of finite
index, when using Z coordinates. We compute the image of ∂ for the figure–8
knot space and Gieseking manifolds in the final section.
Theorem 4.1 Let M be the interior of a compact manifold with boundary
components which are tori or Klein bottles. Let Γ denote an ideal triangulation
of M and let W be the vector subspace of formal normal and spun normal
surfaces. Then the dimension of W is 2k+c, where k is the number of edges in
Γ and c is the number of boundary components. Moreover the boundary map
∂ : W → R2c is onto and hence when using Z coefficients, it follows that ∂ has
image of finite index in the direct sum Z2c of the homology groups H1(Ti,Z),
where the Ti are the tori boundary components or the orientable double covers
of the Klein bottle boundary components of M , for 1 ≤ i ≤ c.
Proof As in the previous section, we begin with the case that M is orientable,
so we can put signs on all corners of quadrilateral disks in a consistent manner.
We will then proceed to put orientations on all boundary arcs of quadrilaterals.
As previously, let ABCD denote a tetrahedron and consider the quadrilateral
separating edges AC and BD . Assume that a + sign is attributed to the vertex
on the edge AB as in the previous section. We now orient the boundary arc of
this quadrilateral running between the vertices u, u′ on AB,AD respectively
with an arrow from u to u′ (see Figure 5). If v, v′ are the vertices on the edges
BC,CD respectively, then the boundary edges are oriented in the directions
v′v, uv, v′u′ , ie from a vertex of + sign to a vertex of − sign. Notice that if
we adopt the convention that a triangular face has the tetrahedron behind it,
with a normal boundary arc having the vertex cut off above it and the positive
corner is on the left and the negative on the right, then the orientation of the
arc is from left to right. All 4 arcs are now oriented the same way by this
convention, as are all arcs of all quadrilaterals.
Next we want to glue together quadrilaterals at corner vertices and possibly
along some boundary arcs. Imagine two ‘adjacent’ quadrilaterals with such a
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A
B
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u
u′
v
v′
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−
+
−
Figure 5: Orientation of the boundary arcs of a quadrilateral
vertex in common at some edge of Γ, eg the corner u at the edge AB in the
previous paragraph for the first quadrilateral, chosen so that there is a wedge
of triangular disks at u between these two quadrilaterals on a (possibly spun)
normal surface S . There could be an empty wedge, if these two quadrilaterals
are actually glued along an edge, eg the edge uu′ , rather than just glued at
the corner vertex u. Now it is easy to see the sign of the corner of the second
quadrilateral at u must be −, ie the signs of the two adjacent quadrilaterals at
such a vertex are always opposite. So we proceed to glue together quadrilaterals
with vertices on the same edge of Γ with opposite signs at these vertices.
Notice by the compatibility equations for quadrilaterals, eventually at u we
find an even number of quadrilaterals with alternating signs glued together in
this fashion. Do this for all vertices of all quadrilaterals in any formal vector
of quadrilaterals in W . We call this the quadrilateral part of the surface and
denote it by SQ . There are finitely many ways of producing a quadrilateral part
of a normal surface, which can then be filled in by triangular disks to form S .
If the boundary curves of SQ are inessential on the boundary tori of M , then
we can complete S using disks and once-punctured tori, and obtain a closed
normal surface. If these curves are essential, we get a spun normal surface. See
[10], [11] for further details on this.
Now the key point is that since our choice of orientations of boundary arcs is
independent of the gluings, and when two quadrilaterals are glued along such an
arc, then the two orientations cancel, we see that the total homology class of the
boundary curves of S is independent of the choice of gluing of S . Therefore we
have proved that there is a well-defined map ∂ : W → R2c from a normal class
in W to a boundary homology class in the first homology of the boundary tori.
As there are assumed to be c boundary tori, the image is in R2c as claimed.
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It is possible to have a situation where this boundary homology class is zero
but the surface S is spun normal, for example if there are two essential parallel
curves C,C ′ in the boundary of a core of S and the surface is spinning around
a boundary torus in opposite directions from C,C ′ . It is easy to see that this
cannot happen for an embedded surface S , but in the general case of singular
surfaces, such behaviour cannot be ruled out. However we can cut off the two
infinite half-open annuli of triangular disks in S and replace by a compact
annulus of triangular disks joining up C,C ′ to form a normal surface, which is
no longer spun. This illustrates the general fact that the kernel of ∂ consists
of classes which can be represented by standard normal surfaces.
To prove this, if there are several curves C1, ..., Cm in the boundary of a core of
S and the sum of the homology classes of these curves is zero, then we can fill
in the curves by a cycle consisting of triangles in the boundary tori of M . This
may be a singular choice, since the curves might intersect. The cancelling of
the signs corresponds to the normality of the resulting possibly singular closed
surface.
In the non-orientable case, we proceed in a similar manner to the previous
section. Let M˜ be the orientable double covering with covering transformation
σ and lifted triangulation Γ˜. Any spun normal surface lifts to a σ–invariant
surface or a pair of such surfaces in M˜ . Now the boundary map ∂˜ takes such a
surface or pair of surfaces to a σ–invariant homology class in the boundary tori
of M˜ . Hence we can project this to a corresponding class in the boundary tori
and Klein bottles of M , and hence define the boundary map in M . For a pair
of tori interchanged by σ this is easy, since we have a pair of homology classes
in the tori which are the two lifts of a single class in a boundary torus of M .
For a single σ–invariant torus covering a Klein bottle, a σ–invariant homology
class or pair of classes interchanged by σ , both project to a homology class
in the Klein bottle. Notice that the boundary of a spun normal surface is
always a 2–sided curve, since it is the end of a half open annulus with infinitely
many triangles projecting to a torus or Klein bottle. So we can again use R
coefficients for convenience, without losing any information.
The argument in the introduction of this section shows that this map is onto
and so using Z coefficients, the corresponding map has an image of finite index
in Z2c .
An elegant alternative approach was suggested by the referee. When considering
all possible gluings of a surface from the normal disk types, it is necessary to
observe that the resulting boundary of the surface is independent of the choice
of gluing. However, one can consider the sum of the oriented boundary arcs of
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each quadrilateral as forming a 1–chain. Then the sum of these quadrilateral
boundary arcs is the boundary of the sum of the quadrilaterals, viewed as a
2–chain, since a pair of oppositely oriented boundary arcs, coming from two
quadrilaterals which may be glued along these arcs or may not, depending on
the way the normal surface is formed from the disk types, will cancel out in this
1–chain. Hence the sum, which is a 1–cycle because of the matching equations
and gluing rule, is independent of the choice of how the quadrilaterals are glued
up.
In the final section we examine ∂ with Z coefficients more closely, for the
simplest interesting orientable and non-orientable examples.
5 The figure–8 knot complement and the Gieseking
manifold
In the previous section, we defined the boundary map ∂ : W → R2c and showed
that it has rank 2c. Here the figure–8 knot complement is presented as an
example for which the boundary map is not onto, using Z coefficients. Also we
describe the Gieseking manifold as a non-orientable example.
Figure 6 shows an ideal triangulation of the figure–8 knot complement described
by Thurston [17]. It has two tetrahedra, two edges and one torus cusp. Fol-
lowing the argument in the previous section, the vector space W of spun and
ordinary normal surfaces in the figure–8 knot complement has dimension 5.
Define the boundary map ∂ : W → R2 described in section 4. We compute the
total homology classes of some normal surfaces which imply that the bound-
ary map is not onto. For each tetrahedron in Figure 6, we have three types
of quadrilaterals denoted by Q1 , Q2 and Q3 in T and Q
′
1 , Q
′
2 and Q
′
3 in
T ′ (see Figure 7). Using the right hand rule, we give signs of corners of the
quadrilaterals as in Figure 7.
Let xi and yi denote the number of quadrilaterals of Qi and Q
′
i types respec-
tively, for i = 1, 2, 3. The following is the system of Q–matching equations of
the figure–8 knot complement [10], for the two edges of the triangulation. As
in Section 3, the sum of these two equations is zero, ie one of the two equations
is redundant.
{
−2x1 + x2 + x3 − 2y1 + y2 + y3 = 0
2x1 − x2 − x3 + 2y1 − y2 − y3 = 0.
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Figure 6: An ideal triangulation of the figure–8 knot complement
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Figure 7: All quadrilateral disk types
There are twenty (possible) fundamental solutions of the system. Among those,
the following six are all the different solutions up to symmetry.
s1 = (1, 0, 0, 0, 0, 2),
s2 = (1, 2, 0, 0, 0, 0),
s3 = (1, 1, 1, 0, 0, 0),
s4 = (1, 1, 0, 0, 1, 0),
s5 = (1, 1, 0, 0, 0, 1),
s6 = (1, 0, 0, 0, 1, 1).
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It is known that the figure–8 knot complement has the symmetry group iso-
morphic to the dihedral group
D4 = 〈f, h|f
4 = h2 = 1, h ◦ f ◦ h−1 = f−1〉.
So all the other fundamental solutions can be obtained by isometries in D4 .
We will show that all the normal surfaces corresponding to the above six solu-
tions have boundary with an even number at the first component of the total
homology class. This will imply that the normal surfaces corresponding to all
the other fundamental solutions have also such boundary curves. Hence the
boundary map has image with only even numbers at the first component, so is
not onto. (Our convention will be that the meridian curve will have homology
class (1, 0) and the longitude will correspond to (0, 1) for suitable orientations,
as described below).
We label the vertices of the ideal tetrahedra of the figure–8 knot complement
as shown in Figure 6. Then the symmetries f and h can be represented by the
following permutations of the eight vertices;
f = (1234)(5876) and h = (15)(26)(37)(48)
1
2
3
4
5
6
7
8
T T ′
A1
A2
A4
B2
B3
B4
C1
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C3
D1
D3
D4
S
A5
A6
A8
B6
B7
B8
C5
C7
C8
D5
D6
D7
Figure 8: All arc types
Table 1 shows the transformations of arc types in Figure 8 by the symmetries
f and h. The letter label of each arc type is given by the label of the face
containing the arc type with subscript label being the vertex cut off by the arc
type.
Let S be the spanning once-punctured torus for the knot which has the bound-
ary curve A1C2B3D4 as shown in Figure 9. We let, for convenience, L =
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A1 A2 A4 B2 B3 B4 C1 C2 C3 D1 D3 D4
f C2 C3 C1 D3 D4 D1 B2 B3 B4 A2 A4 A1
h A5 A6 A8 B6 B7 B8 D5 D6 D7 C5 C7 C8
A5 A6 A8 B6 B7 B8 C5 C7 C8 D5 D6 D7
f C8 C5 C7 D5 D6 D7 B8 B6 B7 A8 A5 A6
h A1 A2 A4 B2 B3 B4 D1 D3 D4 C1 C2 C3
Table 1: Transformations of arc types by f and h
A1C5B3D7 be the curve going (homotopically) around the longitude of the
torus cusp once so that it has the homology class (0, 1) (see Figure 9). Notice
that the orientation of the boundary arcs of each quadrilateral is given in section
4 so that the orientation of the boundary curves of a quadrilateral surface SQ
is also fixed automatically. From the table, we can see that L is transformed
to the curve C2B8D4A6 , which also goes (homotopically) around the longitude
once, by the symmetry f . By the symmetry h, L is transformed to A5D1B7C3 ,
which traverses the longitude (homotopically) in the opposite direction to L.
M = A4 is a curve going (homotopically) around the meridian with homology
class (1, 0) and it is transformed to C1 by f , and to A8 by h. Hence the ho-
mology class of the meridian is preserved by both symmetries, but we need to
determine whether its orientation is preserved or reversed. To do this, consider
the curve D1D4C3C1 which follows (homotopically) the longitude once in the
negative orientation and the meridian 2 times in the negative orientation (see
Figure 9), This curve is transformed to A2A1B4B3 by f and to C5C8D7D6 ,
by h. In the first case, we see that the image curve winds (homotopically)
around the longitude once in the negative orientation and the meridian twice in
the positive orientation, whereas in the second case the curve is taken to itself
(homotopically) with opposite orientation. So we conclude that f preserves the
homology class of L but reverses that of M , whereas h reverses both classes.
Hence both C1 and A8 traverse the meridian (homotopically) in the opposite
direction to A4 (see Figure 9) and have the homology class (−1, 0). Also since
C1 is transformed to B2 by f , and to D5 by h, the homology classes of B2
and D5 are (1, 0). It follows automatically that B6 and D3 have the homology
class (−1, 0). All the other non-trivial curves are linear combinations of the
meridian and longitude.
Now we will compute the boundary curves of the spun and ordinary normal
surfaces corresponding to the solutions s1, s2, s3, s4, s5 and s6 . Since the total
homology class of the boundary curves of any of the surfaces corresponding to
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Figure 9: Boundary torus
a solution of the matching equations is independent of the choice of gluing, we
choose our surfaces for convenience. Figure 9 is useful as a reference, when
computing the boundary class. Notice that each of these solutions has Euler
characteristic −1, since a quadrilateral has ‘negative curvature’ −2pi/3, coming
from its four vertices all lying on edges of degree 6. Hence we expect each
of the surfaces to be either a once-punctured Klein bottle, a twice-punctured
projective plane or a thrice-punctured sphere, if all the boundary curves are
essential. We can cap off any inessential boundary curves by disks in the torus
at the cusp.
Let F1 be a normal surface obtained from the solution s1 . The edges of the
quadrilaterals of F1 are A1 , C2 , B3 , D4 , 2B6 , 2A8 , 2C5 and 2D7 . We may
assume that the edges C2 and C5 , and D4 and D7 are glued together and
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cancelled out in the boundary class. Hence the boundary of F1 is the curve
A8D7A1B6B6C5B3A8 which has the total homology class (−4, 1), ie winds once
around the longitude and minus four times around the meridian (see Figure 10).
Notice that as is well-known, at this slope, there is an embedded once-punctured
Klein bottle, which is just the surface F1 .
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Figure 10: Boundary curves of F1
Now for the solution s2 = (1, 2, 0, 0, 0, 0), a normal surface F2 corresponding
to s2 has the following three boundary components; A2B3B4A1 , C1C1D4B4 ,
and D3D3C2A2 which have the homology classes (−2, 1), (−1, 0) and (−1, 0),
respectively (see Figure 11). Hence the total homology class of the boundary
curves of F2 is (−4, 1). F2 must be an immersed thrice-punctured sphere.
Let F3 be a normal surface corresponding to the solution s3 . We can choose
the gluing so that F3 has the boundary curves A1D1B2 , B4D4C1 , B3C3A4
and A2C2D3 , all of which have the homology class (0,0) (see Figure 12). After
capping off the trivial curves, this is a tetrahedral surface of the canonical basis
defined in the section 2. Notice that the surface has branch points. Actually
there is no gluing for an immersed normal surface corresponding to the solution
s3 .
Let F4 be a normal surface corresponding to the solution s4 = (1, 1, 0, 0, 1, 0).
We choose F4 to have the boundary curves B4C1D4 and C2A6C7A1A2 which
have the homology classes (0, 0) and (2, 0), respectively (see Figure 13). Hence
the total homology class is (2, 0). As the case of s3 , there is no corresponding
immersed normal surface to the solution s4 .
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Figure 11: Boundary curves of F2
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Figure 12: Boundary curves of F3
For the solution s5 = (1, 1, 0, 0, 0, 1), a corresponding normal surface F5 has the
boundary curves A2B3A8D7A1 , B4D4C1 , B6 and D3 . The homology classes
of the curves are (−2, 1), (0, 0), (−1, 0) and (−1, 0) and the total homology
class is (−4, 1) (see Figure 14). After capping off the trivial curve, this is an
immersed thrice-punctured sphere.
Finally for the solution s6 = (1, 0, 0, 0, 1, 1), we can choose a normal surface F6
which has boundary curves A8 , B6 , C7 and D5 . Then the homology classes
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Figure 14: Boundary curves of F5
of the curves are (−1, 0), (−1, 0), (1, 0) and (1, 0), respectively and the total
homology class of the boundary curves of F6 is (0, 0) (see Figure 15). In this
case, the surface has a branch point. Notice that there is no gluing for an
immersed normal surface corresponding to the solution s6 .
Therefore all six solutions correspond to normal surfaces which have even num-
bers at the first component of the total homology class of the boundary curves.
Since the normal surfaces corresponding to the other fundamental solutions
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are obtained from the normal surfaces corresponding to these six solutions by
symmetries, and the symmetries transform the boundary curves as shown pre-
viously, the total homology classes of the boundary curves of any spun normal
surfaces in the figure–8 knot complement have only even numbers at the first
component. Hence the boundary map ∂ : W → R2 has image the subgroup of
index 2 consisting of all slopes of the form (2m,n).
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Figure 15: Boundary curves of F6
Finally we study the Gieseking manifold, which has an ideal triangulation with
one tetrahedron, one edge and a Klein bottle cusp. The Gieseking manifold is
double-covered by the figure–8 knot complement and has covering transforma-
tion by the symmetry f ◦ h = (18)(25)(36)(47). Figure 16 shows the Gieseking
manifold and a fixed orientation going around the unique edge.
We denote each wedge 1̂, 2̂, 3̂, 4̂, 5̂ and 6̂ by D̂A, ĈD, B̂C, ÂC, ÂB and D̂B
according to the labels of the two adjacent faces and the fixed orientation go-
ing around the edge. Since the wedges ĈD, ÂC and D̂B have the opposite
orientations to the ones obtained by the right hand rule applied to each edge
in the tetrahedron without identification (see the case of the figure–8 knot
complement), the signs of corners of quadrilaterals are as shown in Figure 17.
Therefore the Q–matching equation of the Gieseking manifold is
−2x1 + x2 + x3 = 0,
where x1 , x2 and x3 are the number of quadrilaterals of type Q1 , Q2 and Q3 ,
Geometry & Topology Monographs, Volume 7 (2004)
260 Ensil Kang and J Hyam Rubinstein
1
2
3
4
1̂
2̂
3̂4̂
5̂
6̂
1̂
2̂ 3̂
4̂
5̂6̂
A
A
A
A
B
B
B
BC C
C
C
D
D
D
D
Figure 16: Gieseking manifold
−1
−1
−1
−1
−1
−1
+1
+1
+1
+1
+1
+1
Q1 Q2 Q3
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ÂBÂB
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Figure 17: Signs of corners of quadrilaterals in the Gieseking manifold
respectively. Then all positive solutions are generated by the following solutions
t1 = (1, 1, 1),
t2 = (1, 2, 0),
t3 = (1, 0, 2).
Now we will compute the homology class of the boundary curves of normal
surfaces corresponding to each solution t1 , t2 and t3 . We will follow exactly
the same procedure as in the case of the figure–8 knot complement.
Figure 18 shows the Klein bottle cusp of the Gieseking manifold. Note that the
orientation around each vertex along a column is shown in opposite directions
alternately. This will assist in determining the signs of the homology classes
of curves. Also we call the longitude the slope L = A2A1B4B3 , which is
equivalent to the curve A1D4B3C2 , and the meridian the slope M = B4 to
conform to the figure–8 knot terminology (see Figure 18). Notice that B4 lifts
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Figure 18: Boundary Klein bottle of the Gieseking manifold
to B4D4 , which is homotopic to the meridian slope A4 of the torus cusp in
the figure–8 knot complement, by the double covering map from the figure–8
knot complement onto the Gieseking manifold. Let the homology classes of L
and M be (0, 1) and (1, 0), respectively. Then we get the homology classes
of the following curves; A2 ∼ C2 ∼ D4 ∼ B4 with (−1, 0), D3 ∼ A4 ∼ D¯4B4
with (2, 0), A4 ∼ C1 ∼ B2 with (2, 0), C3B3 ∼ C1 ∼ B2 with (−2, 0) and
A1D1 ∼ A4 ∼ D3 with (2, 0).
Let G1 be a normal surface obtained from the solution t1 = (1, 1, 1). We can
choose G1 to have boundary curves D3C3B3 , A4D4B4 , C1D1A1 and B2C2A2 ,
all of which have the trivial homology class (see Figure 19). Hence the total
homology class of the boundary curves of G1 is (0, 0). Note that the curves,
D3 , A4 , C1 , B2 , C2D1D4C3 and A2A1B4B3 , are also the boundary curves of
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a normal surface obtained from the same solution but by another gluing. If
we examine the orientations of the curves carefully, we will see that the curves
have the homology class (2, 0), (2, 0), (−2, 0), (−2, 0), (−4,−1) and (4, 1),
respectively (see Figure 20). Hence the total homology class of these boundary
curves is also trivial.
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Figure 19: Boundary curves of G1
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Figure 20: Boundary curves of another G1
Next look at the solution t2 = (1, 0, 2). We get a normal surface with boundary
curves C2C3A4D4D1 , B2B2 and A4 which have the homology classes (2,−1),
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(−4, 0) and (−2, 0), respectively (see Figure 21). Then the total homology class
is (0,−1). Note that the edge pairs D1 and B3 , and C3 and A1 cancel out.
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Figure 21: Boundary curves of G2
Finally for the solution t3 = (1, 2, 0), we get the following boundary curves:
D3D3A2A1B4B3 , C2A2 and C1C1 which have the homology class (6, 1), (−2, 0)
and (−4, 0) (see Figure 22). The edge pair D4 and B4 cancels out. Hence
the total homology class is (0, 1). Therefore as in the case of the figure–8
knot complement, the boundary map of the Gieseking manifold also has only
multiples of 4 at the first component and is not onto. Note that for the first
homology of the Klein bottle, the longitude is an element of order two. Hence
we have found the image of the boundary map is a subgroup of index 4 of the
group Z⊕ Z2 .
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